conjectured that the only complete constant mean curvature spacelike hypersurfaces in the De Sitter space were the umbilical ones. In 1987 Akutagawa [1] proved the Goddard conjecture when H 2 < 1 if n = 2 and H 2 < 4(n − 1)/n 2 , if n > 2. He also showed that when n = 2, for any constant H 2 > c 2 there exists a non-umbilical surface of mean curvature H in the De Sitter space S with parallel mean curvature vector with more than one topological end is a hyperbolic cylinder. In 1991, Ki, Kim, Nakagawa [9] obtained an upper bound for the norm of the second fundamental form of the hypersurface in terms of the (constant) mean curvature of the given submanifold and the ambient curvature of the space form and showed that the upper bound is realized by the hyperbolic cylinder. X. Liu (1) . In order to state their result let us first introduce totally umbilical hypersurfaces and also hyperbolic cylinders in S n+1 1 (1) . The totally umbilical hypersurfaces are given by the intersection of S n+1 1 and affine hyperplanes
n is isometric to R n , with sectional curvature k = 0 and mean curvature H = 1. If σ = −1 , M n is isometric to the sphere S n , with sectional curvature k = 
Let us denote by H
1 × S n−1 the hyperbolic cylinders H 1 (sinh r) × S n−1 (cosh r). For more details we refer to Ki, Kim and Nakagawa [9] . It is possible to show that these hypersurfaces have one principal curvature equal to coth r and (n − 1) principal curvatures equal to tanh r. Thus the mean curvature is given by nH = coth r + (n − 1) tanh r and | | 2 = 
In this work we generalize the result above for higher codimensions and apply it to characterize umbilical submanifolds and hyperbolic cylinders in S n+p p (1 
and M n is totally umbilical or 
Moreover if the equality holds and M n is not totally umbilical then p = 1.
The result above lets us reduce codimension and characterize umbilical hypersurfaces and hyperbolic cylinders in S n+1 (1) such that, at each point of M n , {e 1 , e 2 , . . . , e n } is an orthonormal frame that spans the tangent space of M n . We use the following standard convention of the range of indices: 
2)
Next, we restrict those forms to M n . First of all ω α = 0. Then
and, from Cartan's Lemma, we can write
and
respectively, the second fundamental form, the mean curvature vector and the mean curvature of M n . The structure equations of M n are given by
If R ijkl and R αβkl stand for the tensor of curvature and normal curvature, then the Gauss equation can be read as follows:
The components of the Ricci curvature tensor Ric and the scalar curvature R are given, respectively, by 
14)
The covariant derivatives of h
Then, by the exterior differentiation of (2.5), we obtain the Codazzi equation
Similarly, we have the second covariant derivatives h
and it is easy to get the following Ricci formula
We recall that M n is a submanifold with parallel mean curvature vector if ∇ ⊥ h = 0 on M n , where ∇ ⊥ is the normal connection of M n in S n+p p (1) . From now on we assume that M n is a complete spacelike submanifold in S n+p p (1) with parallel mean curvature vector, which implies that the mean curvature H is constant. If H = 0, M n is maximal and from [8] we know that M n is totally geodesic. If H = 0, we choose e n+1 = h H . Thus
where and for α ≥ n + 2, we have
by using (2.21), (2.22) and (2.23) it is straightforward to verify that
where N(A) = tr(AA t ), for each matrix A = (a ij ). In the next section we shall need also the following lemma due to Omori [15] and Yau [19] . 
We also need the following algebraic lemma, due to Santos. See [17, p. 407 ]. LEMMA 2.2. Let A, B : R n → R n be symmetric linear maps such that AB − BA = 0 and trA = trB = 0. Then 
n(n − 1) .
Proofs of the rigidity results.
In this section we are going to use a version of Simons' inequality for submanifolds in the De Sitter space S n+p p (1) to prove the first rigidity result. That inequality was recently obtained by Chaves and Sousa in [4] and the authors kindly let us present their proof here, in order to clarify our own proof. H. Li, [11] 
Proof. Since ∇ ⊥ h = 0, the mean curvature H is constant. If H ≡ 0, M n is called maximal. In this case i h α ii = 0 for all α which, together with (2.24) imply that
If H = 0, we choose the adapted orthonormal frame such that e n+1 = h H
. Since e n+1 is a parallel direction, it is easy to verify that 
By applying Lemma 2.2 to α and n+1 we get
By definition Now taking the summand for all α = n + 1 on the right side of inequality (3.6) and using (3.7) we get
Using the Cauchy-Schwarz inequality, it is easy to prove that
It follows from (3.5), (3.8) and (3.9) that formula (3.1) holds. This completes the proof of the Simons type inequality. Now we are ready to prove our main theorem.
it follows from Cheng's Theorem (see [3] ) that M n is totally umbilical. Let us suppose H 2 ≥ 4(n − 1) n 2 . In this case it is easy to see that P H (x) has two real roots α
. By a simple calculation we obtain
Now, from (3.1) and (3.10) we obtain Assume that the second fundamental form of M n with respect to e n+1 has been diagonalized so that the eigenvalues are λ [9] we conclude that M n is isometric to a hyperbolic cylinder. If sup | | = α − (n, H, p), as we are assuming constant scalar curvature, by (2.12) we get that S is constant and then | | is also constant. Consequently, sup | | is attained on M n and the last assertion of Corollary 1.3 implies again that M n is isometric to a hyperbolic cylinder.
